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Group-A (Calculus of Several Variables) 

Answer any three of the following questions.       (𝟖 × 𝟑 = 𝟐𝟒) 

 

1. (i) Let :f ℝ𝑛 ℝ𝑚be a function given by ),,...,,( 21 mffff  where if ’s are component functions of .f  

Prove that f is differentiable at a ℝ𝑛 if and only if if  is differentiable at 𝑎 for each 𝑖. Hence show that 

)).(),...,(),(()( 21 aDfaDfaDfaDf m  

(ii) Let ],[: baf  ℝ be a decreasing function. Show that fx :{ is discontinuous at }x has measure zero.                                                                                                        

                                                                                                                                                             5+3 

 

2. (i) State constant rank theorem for a function𝑓: ℝ𝑛 → ℝ𝑚.     

(ii) Show that the function 𝑓: ℝ2 → ℝ2, given by 𝑓(𝑥, 𝑦) = (𝑥𝑦, 𝑦) is real differentiable but not complex 

differentiable. 

(iii) Let𝑓: ℝ𝑛 → ℝmand𝑔: ℝ𝑛 → ℝmbe bothdifferentiable at 𝑎 ∈ 𝑉. Consider the map(𝑓 ⋅ 𝑔): ℝ𝑛 → ℝ, 

given by (𝑓 ⋅ 𝑔)(𝑐) = 𝑓(𝑐) ⋅ 𝑔(𝑐), ∀ 𝑐, where ⋅ denotes the dot product. Show that 𝑓 ⋅ 𝑔is differentiable at 

𝑎.                                                                                                                                              1+2+5 

3. (i) Define 𝑝-th order derivative of a function 𝑓: ℝ𝑛 → ℝ.    

(ii) State and prove the mean value theorem for a vector valued function of several variables. 

(iii) Find the local maxima of the function 𝑓(𝑥, 𝑦) = 𝑥2 − 𝑦2.                                     1+3+4 

  

 

4. (i) If 𝑓𝑘: 𝑉 → ℝ is the 𝑘-th coordinate function of 𝑓: 𝑉 → ℝ𝑚, where 𝑉 is an open connected subset of ℝ𝑛, 

then show that𝑓 is differentiable at a point 𝑐 if and only if 𝑓𝑘 is differentiable at 𝑐 for 𝑘 = 1,2, ⋯ , 𝑛.  

(ii) If 𝑓: ℝ𝑛 → ℝ is 𝐶1 on an open ball containing the point 𝑐, then prove that𝑓 isdifferentiable at c. 

                                                                                                                                                 4+4 

 



5. (i) What do you mean by set of volume zero.         

(ii) Define upper Riemann sum of a real valued function over a Jordon region of ℝ𝑛. 

(iii) Consider the vector valued function �⃗�(𝑥, 𝑦, 𝑧) = (𝑥𝑧, 𝑦𝑧, 𝑧𝑥). Using Stoke’s theorem evaluate  

∬ 𝐶𝑢𝑟𝑙�⃗� ⋅ 𝑑𝑠⃗⃗⃗⃗⃗
𝑆

 

Where, 𝑆 is the part of the sphere 𝑥2 + 𝑦2 + 𝑧2 = 4 that lies inside 𝑥2 + 𝑦2 = 1 and above 𝑥𝑦-plane. 

                                                                                                                                                   2+2+4 

 

Group-B (Differential Geometry of Curves and Surfaces) 

Answer any two of the following questions.       (𝟖 × 𝟐 = 𝟏𝟔) 

 

6. (i) Find the covariant and contravariant components of (2,3) with respect to the basis {(
1

√2
,

1

√2
) , (0,1)}. 

(ii) If 𝑎𝑖𝑗𝐴𝑖𝐵𝑗 = 0are two distinct arbitrary contravariant vectors with component 𝐴𝑖 and 𝐵𝑗, then 𝑎𝑖𝑗 = 0. 

(iii) Define the angle between two vectors in a Riemannian space. 

(iii) Write down the Bianchi first and second identities.                            3+2+2+1 

 

7. (i) Define Riemannian curvature tensor. Show that it is skew-symmetric with respect to first two indices.                                                                                                   

(ii) Show that in 𝑆𝑛 a symmetric covariant tensor of second order has at most 
1

2
𝑛(𝑛 + 1) different 

components.                                                                                                                               1+2+5 

 

8. (i) When a subset of ℝ3 is called a surface.         

(ii) Show that the cylinder {(𝑥, 𝑦, 𝑧) ∈ ℝ3: 𝑥2 + 𝑦2 = 1} is a regular surface. 

(iii) Find the first fundamental form of the surface path 𝜎(𝑢, 𝑣) = (cos 𝑢 cos 𝑣 , cos 𝑢 sin 𝑣 , sin 𝑣). 

                                                                                                                                                     2+3+3 
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