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The figures in the margin indicate the full marks

Notations and symbols have their usual meaning

Group-A (Calculus of Several Variables)

Answer any three of the following questions. 8x3 =24

1. (i) Suppose f:R™ - R is a C1-function on an open ball containing the point c. Then show that for

any unit vector u, D, f(c) exists and D, f(c) = Vf(c) - u

(i) Let V < R™ be an open set and let ¢ € V. When a mapping f:V — R™ is differentiable at c?

6+2

2. (i) If a function f: R™ — R™ is differentiable at ¢ € R", then show that f is continuous at c.

(ii) Consider two functions f:V — R™ and g:V = R™, where V c R" is an open set. Let f and g

be both differentiable at a € V. Show that the function (f - g):V = R, given by (f - g)(c) = f(c) -

g(c), ¥ c €V, isalso differentiable at a, and

(O - 9))@ = g(@).(DNH@ + f(@).(Dg)(a)

where “-” denotes usual dot product of vectors and “.” denotes matrix multiplication. 3+5
3. (i) Define Hessian of a function of f: R™ — R..

(i) Suppose f:R? - R is defined on an open set V c R?, such that f;, fy and fy, exist at every

point of V, and f,,, is continuous at some point (a, b) € V. Then show that f,,, exist at (a, b) and

fry(a,b) = fyx(a, b).

(iii) Give an example of a function f:R? - R for which frey(a,b) # f,x(a,b) at some point

(a,b) € R?. 2+4+2
4. (a) Show that a linear transformation f : R™ —R™ is differentiable at each point of R™.

(b) Let AcR™ and pbe a limit point of 4. Let f:A4—>R"™ be a function such that
lim f(x) =a. Prove that lim”f(x)” = ||a||
xX—p xX—p

(c) State Inverse Function theorem for a function f on R™. 3+3+2



5. (a) Let g: 4 — R" be a continuously differentiable function, where 4 c R" is open, and let
B ={x € A:detg'(x) =0} . Show that g(B) has measure zero.
(b) What do you mean by partition of unity? 6+2
Group-B (Differential Geometry of Curves and Surfaces)
Answer any two of the following questions. 8x2=16
6. (a) Show that any covariant tensor of second order can be expressed uniquely as the sum of a
symmetric and a skew-symmetric tensor of the second order. 543
(b) Show that R'jx + R' i + R'tj = 0, where R'j is the Riemann curvature tensor of type (1,3).
7. (i) Let ¥(t) be a regular curve in R3. Then prove that its curvature is given by
_ Iyl
[h7/5.
where dot denotes derivative with respect to t. 3+2+(1+2)
(ii) Find the curvature of the space curve y(6) = (2 cos@,2sin6, 30).
(iii) When a space curve is said to be of unit speed. Check whether the following curve is of unit
speed or not
y(t) = (% cost,1 —sint,— %cos t) 3+2+(1+2)
8. (i) Let 0:U = R3 be a regular surface patch of a surface S and let P € S. Let (u, v) be coordinates

of P in U. Show that the tangent space TpS is a 2-dimensional vector subspace of R3 spanned by
the vectors g,, and g,,.
(ii) Find the first fundamental form of the plane
oc(w,v)=a+up+vig,
where d is a fixed vector and p, § are two unit vectors perpendicular to each other.

(iii) State Frenet-Serret formulae for a space curve. 4+42+2
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