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Answer any  Five of the following questions:                                                                               (8×5) 

1.   (a)  Let (𝑋, 𝜏) be a topological space. Prove that a collection B of open sets of 𝑋 constitute a base 

of 𝑋 if and only if (i) 𝜙 ∈ B, (ii) 𝑋 is the union of members of B  (iii) whenever 𝑈, 𝑉 ∈ B and 

𝑥 ∈ 𝑈 ∩ 𝑉, there exists a member 𝐵 ∈ B such that 𝑥 ∈ 𝐵 ⊂ 𝑈 ∩ 𝑉.               4 

(b) Construct two distinct topologies 𝜏  and 𝜏  other than discrete and indiscrete topologies on 

𝑋 = {𝑎, 𝑏, 𝑐} such that 𝜏 ⊂ 𝜏 .                                                                                                                     2 

(c) Let 𝑌 be a subspace of the topological space 𝑋 and 𝐴 ⊂ 𝑌. Prove that 𝐶𝑙 (𝐴) ⊂ 𝐶𝑙 (𝐴).     2 

2.   (a) Prove that a topological space X is normal if and only if for each closed set  𝐹 and each open 

set G in X with 𝐹 ⊂ 𝐺 there exists an open set H such that 𝐹 ⊂  𝐻 ⊂  𝐻 ⊂  𝐺.                4 

(b)  Let (ℝ, 𝜏) be the usual topological space. Find out two open sets 𝑈, 𝑉 in ℝ such that 

1 ∈ 𝑈, [2,5] ⊂ 𝑉 and 𝑈 ∩ 𝑉 = ∅, if exist.                                                                                                    2 

(c) Prove that every singleton  in a 𝑇 topological space is closed.                2 

3.   (a)  Let 𝑆 be a set of topological spaces. Define an equivalence relation with justification on 𝑆.     4 

(b) Give an example with justification to show that (𝐴 ∪ 𝐵)° = 𝐴° ∪ 𝐵° need not be true.    2 

(c) Give an example with justification of a topological space 𝑋 and a subspace of 𝐴 such that an 

open set in 𝐴 is not open in 𝑋.               2 

4.   (a) Show that a subset A of a topological space X is open if and only if 𝐵𝑑(𝐴) ⊂  𝑋 − 𝐴 where 

Bd(A) denotes the boundary of A.                3 

(b) Suppose 𝑋 is a topological space and 𝐴 is a subspace of 𝑋. Construct with justification a basis 

of the subspace 𝐴 in terms of a basis of 𝑋.               3 



(c) Find the exterior and boundary of the set [2,5) ∪ (7,8) with respect to the usual topology on 

ℝ.                2 

5.   (a)  Suppose 𝑋 and 𝑌 are two topological spaces,  and 𝑓: 𝑋 → 𝑌 is a function. Prove that 𝑓  is 

continuous if and only if  𝑓 𝐶𝑙 (𝐴) ⊂ 𝐶𝑙 (𝑓(𝐴)) for each  𝐴 ⊂ 𝑋.               3 

(b)  If 𝐴 is compact and 𝐵 is closed in a regular topological space 𝑋, then prove that there exist 

open sets 𝑈, 𝑉 in 𝑋 such that 𝐴 ⊂ 𝑈, 𝐵 ⊂ 𝑉 and 𝑈 ∩ 𝑉 = ∅.               3 

(c) Give an example with justification to show that a regular space need not be a normal space.   2 

6.   (a) State and prove Pasting Lemma.                4 

(b) For any two subsets 𝐴 and 𝐵 of a topological space 𝑋, prove that 𝐶𝑙(𝐴) ∩ 𝐼𝑛𝑡(𝐵) =

𝐶𝑙(𝐴 ∩ 𝐵) ∩ 𝐼𝑛𝑡(𝐵).               3 

(c) Let 𝑋 = {0,1} and 𝜏 = {∅, 𝑋, {1} }. Find out a dense subset of 𝑋, if exists.                                     1 

7.   (a) If E is a connected subspace of a topological space X and F is a subset of X such that  

𝐸 ⊂  𝐹 ⊂ 𝐸 , prove that F is also a connected subspace of X.                 4 

(b) Let 𝑋 and 𝑌 be two topological spaces, and 𝑓: 𝑋 → 𝑌 be a one-one and onto mapping. Prove 

that 𝑓 is homeomorphism if and only if 𝑓(𝐼𝑛𝑡 (𝐴) = 𝐼𝑛𝑡 (𝑓(𝐴)) where 𝐴 is a subset of 𝑋.    4 

8.   (a)  What is meant by finite intersection property? Prove that each collection of closed sets in a 

compact space 𝑋 with finite intersection property has a nonempty intersection.                          1+3                                                                      

(b) Write down one limitation for each of open and continuous functions.               2 

(c) Prove or disprove: the usual topological space in ℝ is connected.                2
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